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1. The M/M/c Queue

®  |ntroduction

There are ¢ > 1 servers and the waiting room has infinite capacity. If more than one
server is available when a new customer arrives (which necessarily implies that the
waiting room is empty) then the incoming customer may enter any of the free servers.

Let A and u be the rate of the Poisson process for the arrivals and the parameter of
the exponential distribution for the service times, respectively.



State Transition Rate Diagram

Here again the process (X (7),z > 0) of the number of customers in the system can
be modeled as a birth and death process. The birth rate and the death rate are

A; = 4., 1 >0
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which can be also written as y; = gpmin(i,c) for all i > 1.
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State transition rate diagram for M / M/c

The process of M /M /1 is a birth-death process with birth rate A; = A and with
death rate u; = u.



Steady-state Probability

" Birth-death process M/M/c queue
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where the traffic intensity is p = % the offered load is a = AE(S) = % and
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Performance Measure (1/2)

Result (Erlang’s C formula) The probability that an arriving customer is forced
to join the queue to wait for service is given by

Pyait = Zﬂ:i = Z E(Q/C)E_Cﬂ:[)
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This probability is of wide use in telephony and gives the probability that no trunk
(i.e., server) is available for an arriving call (i.e.. customer) in a system of ¢ trunks. It
1s referred to as Erlang’s C formula as follows:

c!(l1—a/c)

C(Ca.a):Pwait: Iy



Performance Measure (2/2)

e Average number of waiting customers in the queue:

I=( ¢! (l_p)E (l_p)
e Average number of customers in the system:
A
L=L,+d=L,+—.
U
e Average sojourn time in the system:
L Lo
W =—=W,+— Little’s formula.
A u

e Average waiting time in the queue:

i
Wq — 4 TLittle’s formula.
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2. The M/M/c/K Queue

The number of customers is limited less than or equal to K. We consider K > c.

The birth rate and the death rate are

1 4 O<i<Kk—1 iy = i (Il T
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Steady-state Probability

The steady-state probability is
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Performance Measure

e Average number of waiting customers in the queue:

e Average number of customers in the system:
; A
L:Lqua :LQ+E(1 —713[().

e Average sojourn time in the system:

¥ 1
W, = l_q =W, + ; Little’s formula.

e Average waiting time in the queue:

L. I,
W=_—_= 9 Little’s formula.
% A(l—7g)
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3. The M/M/c/c Queue (Erlang loss system)

Here we have a situation when there are ¢ > 1 available servers but no waiting room.
This is a pure loss gueueing system. Each newly arriving customer is given its private
server; however, if a customer arrives when all the servers are occupied, that customer
is lost.

Let A and u be the rate of the Poisson process for the arrivals and the parameter of
the exponential distribution for the service times, respectively.
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Steady-state Probability

The number of busy servers can be modeled as a birth and death process. The birth
rate and the death rate are
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State transition rate diagram for M /M /c/c
The steady-state probability is a
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anda=AE(S)=A/u.
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Performance Measure (1/2)

Result (Erlang’s loss formula, Erlang’s B formula) This M /M /c/c system is also
of great interest in telephony. In particular, 7. gives the probability that all trunks (i.e.,
servers) are busy, and it is given by

_ a&/c!

- Xi—o@/kl

This is the celebrated Erlang’s loss formula (derived by A. K. Erlang in 1917) as
follows:

e

B( ) . CZG/C! e—aac‘/C!
c.d) = N — = = -
| ‘Y Ak T Ye_e—dak k!
B(c,p) = pe/c! _ e Ppc/c!
P o pFRl T e PpF/K!
Remarkably enough Result is valid for any service time distribution and not

only for exponential service times! Such a property is called an insensitivity property.
Later on, we will see an extremely useful extension of this model to (in particular) sev-
eral classes of customers, that has nice applications in the modeling and performance

evaluation of multimedia networks.
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Performance Measure (2/2)

e Average number of waiting customers in the queue:
L,=0.

e Average number of customers in the system:

A
L=L,+d==(1—-m).

U
e Average sojourn time in the system:
L 1 1
W=_—=W,+—=— Little’s formula.
Ae nooou

e Average waiting time in the queue:

L, .
W, = A_j = (0 Little’s formula.
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4. The M/M/0 Queue

Here we have a situation when an incoming customer is immediately served without
waiting, e.g., a park, a public bathroom, etc.

Let A and u be the rate of the Poisson process for the arrivals and the parameter of
the exponential distribution for the service times, respectively.
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State Transition Rate Diagram

The number of customers can be modeled as a birth and death process. The birth
rate and the death rate are
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Steady-state Probability
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Summary

" Queueing Models
— The M/M/c Queue
— The M/M/c/K Queue
— The M/M/c/c Queue (Erlang loss system)
— The M/M/x Queue

" Performance Measure
— Average number of customers
— Average sojourn time

— Average waiting time

" FEralang’s B formula (M/M/c/c)

ac/c! e “a‘/c!
B A — 7[(1 — - = -
(,a) =, Yicod‘/k!  Yi_ge ‘a[k!
p¢/c! e Ppc/c!
B(c,p)
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